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exhibiting any loss in fluorescent power. When, however, they were exposed 
in sealed evacuated quartz tubes the fluorescent power was gradually and 
irrecoverably destroyed by ultra-violet light of the shorter wave-lengths.

The experiments on the fluorescence of aqueous solutions of sesculin 
contained in evacuated sealed glass tubes are of special importance, for they 
go to show that molecules of sesculin can be made to fluoresce strongly for 
hours without being destroyed when subjected to light of suitable wave-length. 
This result would seem to show that the view put forward by Perrin, namely, 
that the emission of fluorescent light by an organic substance- is evidence of 
its destruction is not tenable generally.
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1. The problem of the propagation of disturbances of the gravitational field 
was investigated by Einstein in 1916, and again in 1918.* It has usually 
been inferred from his discussion that a change in the distribution of matter 
produces gravitational effects which are propagated with the speed of light; 
but I think that Einstein really left the question of the speed of propagation 
rather indefinite. His analysis shows how the co-ordinates must be chosen if 
it is desired to represent the gravitational potentials as propagated with the 
speed of light; but there is nothing to indicate that the speed of light appears 
in the problem, except as the result of this arbitrary choice. So far as I 
know, the propagation of the absolute physical condition—the altered curvature 
of space-time—has not hitherto been discussed.

Weylf has classified plane gravitational waves into three types, viz.: (1) 
longitudinal-longitudinal; (2)longitudinal-transverse; (3) transverse-transverse. 
The present investigation leads to the conclusion that transverse-transverse 
waves are propagated with the speed of light all systems of co-ordinates. 
Waves of the first and second types have no fixed velocity—a result which 
rouses suspicion as to their objective existence. Einstein had also become 
suspicious of these waves (in so far as they occur in his special co-ordinate- 
system) for another reason, because he found that they convey no energy.

* ‘Berlin Sitzungsberichte,’ p. 688 (1916); p. 154 (1918).
+ ‘Raum, Zeit, Materie,’ 4th edition, p. 228 ; English edition, p. 252.



They are not objective, and (like absolute velocity) are not detectable by any 
conceivable experiment. They are merely sinuosities in the co-ordinate- 
system, and the only speed of propagation relevant to them is “ the speed of 
thought.”

The purpose of Einstein’s special choice of co-ordinates now becomes clear; 
they are chosen so as to compel these spurious waves to travel with the same 
speed as the genuine waves. He imposes conditions on the co-ordinates which 
bar out most of the spurious disturbances possible; but those which have the 
velocity of light take advantage of their close resemblance to the genuine 
waves and slip through the barrier. I t is evidently a great convenience in 
analysis to have all waves, both genuine and spurious, travelling with one 
velocity ; but it is liable to obscure physical ideas by mixing them up so 
completely. The chief new point in the present discussion is that when 
unrestricted co-ordinates are allowed the genuine waves continue to travel 
with the velocity of light and the spurious waves cease to have any fixed 
velocity.

Plane waves are a very special and artificial case of gravitational propaga
tion, and in the second part of the paper I consider divergent waves. 
Although the equations of the theory are the same as those occurring in 
the propagation of sound waves, there is no propagation of gravitation 
uniformly in all directions like a spherical sound wave. To show the type 
of divergent waves which can exist, we develop in detail the solution for the 
waves produced by a spinning rod. We confirm Einstein’s result that the rod 
will slowly lose energy by these waves. Spurious divergent waves can exist 
just as spurious plane waves can exist; but there is no longer a simple 
criterion for distinguishing them. The only case in which Weyl’s three types 
of waves exist independently of one another is that of plane waves.

Our calculations show that there is one type of transverse-transverse waves 
which is inconsistent with the equations GMV = 0 . We have examined this 
case and find that such waves can actually exist, but must be accompanied by 
other physical manifestations not of a purely gravitational character. This 
one remaining mode of propagation of gravitational influence turns out to be 
propagation by light waves..

The Propagation of Gravitational 269

Plane Waves.

2. J ake approximately Galilean co-ordinates and set

9ij.v = ~b h(iv>
where denotes the Galilean values and the small deviations represent
ing the passage of gravitational waves.
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We consider plane waves proceeding with velocity Y in the negative 
direction of the axis of x, so that the are periodic functions of 
only. Writing as usual (xx, x2, x%, x±) for (x, y, t), the argument is + Yxt). 
Denoting differentiation with respect to this argument by an accent, we 
have

dxi2
o2f/^

dxidxi Y cte42 Y 2hu ( 1)

and all other second derivatives are zero.
We consider waves of small amplitude, so that the square of the amplitude 

is neglected. The Biemann-Christoffel tensor is calculated from the formula

(2)

where the terms of the second order of small quantities (products of Christoffel 
symbols) have been omitted. The 21 different components are easily found 
from (1) and (2) as follows :—

(1212) =  p 22" (1224) =  - i V  h22" (2424) =  JV >j

(1213) =  |W ' (1234) =  -£ Y  h23" =  (1324)(2434) =  \ Y 2h* 3"
(1313) =  p 33" (1334) =  - ^ 33" (3434) =  JY *kn”

(1223), (1323), (1423), (2323), (2324), (2334) =  0 . (3)
(1424) =  | Y 2k12"  -  |Y  h2i"(1434) =  |-Y -  *VA*"
(1214) =  \ W - \ Y W  (1314) =

(1414) =  £V%U" -V A „ "  + ih u "  J
Einstein’s tensor GMl, is given by

=  (f? (upvcr) — 8°? (ppper)
to the first order of small quantities. For example,

G23 =  8®* (2p3cr)
=  —(2131)—(2232)—(2333)+ (2434)
=  —(1213)—0 — 0 + (2434)

by the antisymmetrical properties of the tensor. Treating the other com
ponents similarly, Einstein’s equations are :

Gn =  —(1212)—(1313) + (1414) =  0 G13 =  (1223) + (1434) =  0
G22=  —(1212)—(2323)+ (2424) =  0 Gu =  (1224) +(1334) =  0 
G33=  -(1313)—(2323) + (3434)=0 G23 = -(1 2 1 3 ) +(2434) =  0 )>. (4)

G44=  —(1414)—(2424)—(3434) =  0  G24=  -(1214)+  (2334) =  0

Gia =  (1323) +  (1424) = 0  Gg4 =  -(1314)-(2324) =  0>



Substituting from (3), these become (omitting the common factor £)
- (h n '' + h P )  + V2h n '- 2 Y h u ' '  + hu "  =  0 0 >

-A » "  +  V*A»" =  0 - V ( W ' +  A»") = 0
_ ^ 33" + y2^33" =  0 -W '+ V % 2 3 "  = 0  )>. (5)
— {Y2hn,' — TVhu' + h u ') —Y 2(h22' + h3z') =  0 - /c24" +  V/c12" = 0 

Y 2h\2" — Y h u ' -0 - W '  +  V^ia" =  0 J

These equations can be integrated, i.e., the double accents can be 
removed. There are no constants of integration, since the are periodic 
functions. The equations then reduce to the following seven conditions:— •
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h22 + hzs =  0. (6a)

(1 — Y 2)(Ji22, hzz, h2z) =  0. (65)
hu = Y h\2 ; /c.34 =  3. (6c)

h u - 2 Y h u  + Y 2hn =  0. (6c?)

3. We can separate the coefficients of the disturbance into three groups, viz.:

Transverse-transverse h2S.

Longitudinal-transverse lix2, 4)
Longitudinal-longitudinal

It will be seen that the three groups represent disturbances which are 
propagated quite independently of one another; for example, the presence or 
absence of longitudinal-longitudinal waves makes no difference to the con
ditions (6c) which have to be fulfilled by the coefficients of the longitudinal- 
transverse waves. I shall indicate the three classes of waves by the initials 
TT, LT, LL respectively.

For TT waves, h22, h23, /c33 cannot all vanish; hence by (65)
1 — V 2 =  0 .

Accordingly, TT waves are propagated with velocity unity, i.e., the velocity 
of light.

For LL and LT waves, h22, h22, ?c33 are zero, and there is no independent 
equation determining Y. The value of Y  found from (6c) and (6c?) depends on 
the coefficients of the disturbance, and has no tendency to approximate to 
the velocity of light.

With a view to discriminating between genuine disturbances of space- 
time and spurious waves introduced by using sinuous co-ordinate systems, we 
return to the consideration of the Kiemann-Christoffel tensor (3). In con
sequence of the conditions (6c) and (6c?), the last five components given in
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the Table (3) all vanish. The surviving components contain only
hw". Accordingly, the Riemann-Christoffel tensor depends solely on the
TT waves.

For LL or LT waves the Riemann-Christoffel tensor vanishes, so that 
space-time is flat and the supposed disturbance is an analytical fiction. The 
waves will disappear altogether if a suitable change of co-ordinates is 
made.

The principal invariant of empty space BM1/0.p B'*’'0? being composed entirely 
of the TT coefficients h22",Ass". has", will be propagated with their velocity, 
vjz., the velocity of light. This is the answer to the main question which 
we have set before ourselves—whether the absolute gravitational influence, 
independent of co-ordinate systems, is propagated with this speed. This was 
perhaps a foregone; conclusion. If we have an absolute gravitational dis
turbance which has entirely detached itself from the material system which 
originated it, only one thing can happen to it. I t cannot stay at rest, since 
there is no absolute rest. I t  must travel; and since there exists only one 
speed which is independent of frames of reference, it has no. choice but to 
accept that speed. Our direct calculation verifies this prediction.

4. Since h22 + h33 =  0, typical* plane TT waves are represented by
ds2 =  steady value + (Ady2 — Adz2+2Hdysin 27r

By re-orientating the axes of y and the term in H can be made to 
disappear, so that

ds2 = steady value + (dy2 — dz2) A sin
It is of interest to examine what kind of change in the distribution of 

matter is needed to originate these waves. Let the source be a thin plate 
lying between x — +  e and sending out waves symmetrically in both direc
tions, so that

ds2 =  const, -f ( dy2 — dz2) A sin +  x +  e)/ A, <  — e).

ds2 — const, -f (dy2 — dz2)A sin 27r — + e)/ >  + e).

These can be connected continuously by taking within the plate 

tfs2 =  const. + (dy2 — dz2)A sin 2tt tfX  ( - e < * <  +  e).

In this region the tensor GM„ will not vanish. Our previous calculations 
of G în (5) can be adapted by noting that li^v is now a function of t only, 
and we have only to retain those terms coming from double differentiation 
with respect to t\ these are recognised by the presence of the coefficient V3.

* The most general type is compounded from two of these systems since H need not 
have the same phase as A.
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and all other components are zero. We have also
G = S 22G22 + S33G33 =  0. 

The material energy-tensor is given by
— 8ttTm„ = O)

Hence

and the other components vanish *
The components T22 and T33 are the stresses and pZ2 in the plate, so 

that a suitable source of TT waves is a periodic stress alternating between 
two directions at right angles in the plane of the plate. An equivalent 
source would be a circular motion of the plate in its own plane.

It may seem remarkable that the only genuine gravitational waves arise 
from very secondary disturbances in the distribution of matter. Moreover, 
when (as usual) the velocity of the molecules or of the plate as a whole is 
small compared with the velocity of light, the components T22 and T^ are of 
the second order in this small quantity. The principal component, T44, and 
the components of the first order, Ti4, etc., do not excite waves by their 
oscillations. This is at least partly attributable to the very artificial circum
stances of production of plane waves. If it seems to us that a backward and 
forward motion of the plate (variation of TJ4) ought to produce a more 
considerable disturbance than mere molecular interchanges without mass- 
motion, we must reflect that, even on the Newtonian theory of attractions, 
the to-and-fro motion of an infinite plate leaves the gravitational field 
undisturbed. A small plate would produce waves. Again, we might 
expect powerful waves to be produced by the alternate creation and 
destruction of mass (variations of T44) ; but nature, having made no pro
vision for the propagation of the corresponding disturbance, thereby auto
matically prevents the construction of such a source.

The problem of plane waves is too special and artificial to illustrate fully 
the ordinary propagation of gravitational potential. We therefore proceed to 
consider divergent waves.

* This refers to the periodic part of the energy tensor. There must be a steady 
distribution superposed corresponding to the matter which is executing the small
oscillations.

VOL. O il.— A. T
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Divergent Waves.
5. The general problem of gravitational disturbance due to a prescribed 

distribution and motion of matter can be treated in the following way. The 
Q vanish in empty space, and for an assigned density, momentum, etc., of 
the matter they are given by equation (7); consequently in this problem the 
GrM„ have prescribed values at every point. We shall denote these prescribed 
values by [G>„]. Consider a set of values of (vanishing at infinity) 
obtained by solving the equations

□ V  =  2[Gmf], (8)

where the operator □ denotes 02/0£2—v 2. It can be deduced* from (8) that

□  ( A h  —
la*. M 2 a*.

0, (9)

where li^  =  and h — haa.This equation is shown to hold everywhere, 
in matter as well as empty space, provided only that the assigned distribution 
[G>] I® consistent with the laws of conservation of energy and momentum. 
The integral of (9) (with vanishing at infinity) is

0 , dh 0. (10)

It can now be shown that (8) and (10) together lead to

(11)

Accordingly the solution of (8) gives values of which will satisfy the 
prescribed conditions, and constitutes a solution of the actual problem. Now 
(8) is the usual equation of wave propagation with unit velocity from sources 
of strength 2 [GM„], and is solved by retarded potentials, viz.,

V  =  (12)

where r is the distance from (£, y, £) to (x, y, z).

The foregoing is essentially Einstein’s treatment rearranged to show the 
rigour of the argument; and (12) constitutes his solution of the problem. It 
is correct only to the first order of small quantities. I t leads to a definite 
co-ordinate system. Other solutions having a different analytical appearance 
could be obtained by performing co-ordinate transformations on the h 
without infringing the Condition that they must be small quantities.

Consider the disturbance due to a single source, that is to say a material •

* For the intermediate steps in the analysis, see ‘Espace, Temps et Gravitation,’ 
Supplement, § 43, or my ‘ Mathematical Theory of Belativity,’ § 57.
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system confined to a small region at the origin. Then G„„ =  0 except in this 
region. Let

{G U  =  u i < w e < M r
taken over the source. Treating r as constant over the source, the solution 
becomes

(13)

( 14)  '

JlfiV — ^

Thus, for a periodic source, {G>„} =  AM„ the solution is

llu AM„
2tt ' r ’

in agreement with the usual formula for spherical waves in the theory of 
sound and of electro-magnetism.

I am not sure that any writer has explicitly stated that gravitation is 
propagated isotropically by spherical waves of this k ind; but I think* that 
many like myself must have regarded it as an inference from Einstein’s 
equation (8) which was two obvious to need mentioning. I t was a great 
surprise to me to find that the solution (14) does not satisfy the law o f 
gravitation.

To check the solution we shall calculate the component G23 at a point on 
the axis of X\.When (as here) the hare functions of r  and t only, the non
vanishing second derivatives are

02 0a 02 02 02
c x f  cb22’ dxs2’ d x f’ dxi cb4'

The other five vanish on the aq-axis. Hence by (2) we find

0213) =  i  (2434) =  i  |* S ,,

so that by (4) the condition G23 =  0 becomes

1 (&ha3 32A23\ _  0
2 \ dxf a*!2/ ’

which is the equation for plane waves and is not satisfied by (14) or even by 
the more general form (13).

We can calculate similarly the conditions Gi2 =  0, G24 =  0, and with a 
little more trouble isolate the component 7t24. It appears that it also has to 
satisfy conditions inconsistent with (13) or (14). I t follows by symmetry 
that the solution also fails for h12, hn , huhM.

I have not isolated the components hu, A22, h%z, hu, but we shall see later 
that the periodic solution fails for these also. It seems that the only case 
in which (13) satisfies the law of gravitation is the static case of an undis
turbed particle. Thus although the equations of propagation appear to be
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exactly analogous to the equations of the theory of sound, there is a remark
able difference in the type of propagation since isotropic spherical waves of 
gravitation cannot occur.

6. In our discussion of plane waves we did not explicity exclude waves of 
supernatural origin; it was sufficient that the waves themselves should obey 
the law of gravitation. But in deducing Einstein’s solution in § 5 it was 
necessary to insert the condition that the sources obeyed the conservation of 
energy and momentum. There can be no doubt that the general solution (12) 
is correct, and the cause of its apparent failure must be that we have been 
applying it to a kind of source which cannot exist consistently with the laws 
of conservation. There cannot be a simple source of gravitational waves.

At first sight this conclusion seems contrary to common experience; we 
have no difficulty in constructing a simple source of G22, G23, G33 by spinning 
a rod in the y^-plane. But in the spinning rod the simple source for these 
components is accompanied by a doublet source of momentum G24, G&. The 
whole disturbance is therefore not a simple source, and the complete system 
of waves is not of the symmetrical type (14).

It can be deduced generally from equation (10) that simple waves of type 
(14) for any component of hmust always be accompanied by doublet waves 
for some other component.

The reason for the breakdown of the analogy between sound waves and 
gravitational waves is now clear. Sound waves satisfy □<£ =  0, uncon
ditionally; gravitational waves satisfy Og^ =  0, but not unconditionally. 
And, owing to this condition, the most common solution for sound waves 
is not a solution for gravitational waves. The condition is superfluous in 
practical problems, because it is the condition that the sources shall be 
such as can occur in practical problems; but it none the less limits the 
number of admissible solutions.

I had hoped to generalise the results for plane waves by making a corre
sponding discussion for simple spherical waves ; but we now see that simple 
spherical waves do not exist. I turn, therefore, to the consideration of 
spherical waves of a more complex type, which are certainly possible since 
they emanate from a material source which can actually be constructed.

We shall calculate the complete solution for a rod spinning in the plane of
yz. Let 2 a be the length, cr the mass per unit length, and co the angular 

velocity. Choose an instant when the length of the rod is along the y-axis. 
The velocity, being in the zdirection, will contribute to the component T33 of 
the energy-tensor. The integrated amount is {T33} =  fcr There will
necessarily be a tension in the spinning rod ; this is in the y  direction and 
contributes to T22. The integrated amount is found to be {T22} =  — §
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For any other position of the rod the new values can be calculated by the 
tensor-law of invariance

T22dif + 2T2Zdydz + T^dzi = T22'dy'2 + dz’ +
Setting dy — dy' cos cot—dz' sin cot, dz =  dy' sin u>t-\-dz' cos the new co
efficients when the rod makes an angle cot with the axis of y are found to be

{T22} =  — {T33} =  — § aco2a3cos 2 cot,{T23} =  — |  sin

Let
r/̂ i' — hfiV.7

Then by (7) and (14) we obtain

722 = /  723 =  733 =  (15a)
eip{ t~r )

where
/ =  |(rp2a3 p  — 2co.

As already explained these simple waves from the stress components must 
be accompanied by doublet waves from the momentum components, which in 
turn require quadruplet waves from the energy-component. We can calculate 
these waves most easily from equation (10) which is equivalent to = 0.
Hence

0*721 __ 8722 . 0723 Q'73-1   0723  | 0733

dt dy dz dt dy dz
These give by (15a)

1 / 3  . 3 \
w  = TP {Wv - l dzF

0744 _  0724 1 0734 
dt dy dz *

i f )  f

744

7

j (

I * £  f

If we write

p 2 [ d y  d z  }

f  ld__  ̂  _0
ip \dy dz

the complete set of values of li^v is given by the scheme 
hnv \v? 0 0 0

0 1 + V? —i u
0 — i - 1 — iu
0 u —iu

(15 b)

all operating upon /. These values constitute the solution of the problem. 
They satisfy (to the first order) the law of gravitation in empty space because
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(8) and (10) are both satisfied. Moreover, the values of 722, 723, 733 corre
spond to the spinning rod; and since the values of 724, 734, 744 depend on 
these uniquely, they must also correspond—if the existence of a spinning rod 
is not inconsistent with the laws of nature.

Divergent waves can be created analytically by transforming the co-ordinate- 
system so that many other expressions for the solution may be given. We 
can, for example, remove the “ momentum ” waves 4, ^34, but the other 
waves then become more complex. Make the transformation

%a =

where (f'* represents arbitrary functions of the co-ordinates of the first order 
-of small quantities. From the transformation law of g^, we find

If
P  =  0,

8 p  3pi'txv +  -5--- b x—•cctv

f ¥= 0 ,

we find that 724 ', 734 ', 744 ' disappear, but quadruplet waves are introduced into 
all the other components. Another useful co-ordinate-system is obtained by 
making half the above transformation. This has the great advantage that it 
makes h vanish, so that = hand many of the formulae of the theory are 
greatly simplified. The volume of any four-dimensional region is now 
undisturbed by the waves.

The chief point of practical interest in the problem of the spinning rod is 
the question whether its energy is gradually carried away by the gravitational 
waves which are created, so that the rotation would slow down and ultimately 
■■stop of its own accord. We shall use our solution to examine this question, 
which has also been treated more generally by Einstein. We agree with his 
conclusion that the energy will actually be radiated away, at a very slow 
rate.

The expression for the pseudo-energy-tensor of the gravitational field, 
correct to the second order, is*

I-- 7f 3 IXV

/8 ya)s 8 7 ^  
\ dxg-

1 dy <h\
3 dXa- (16)

where ya? — — 7 ^  for the momentum components and + 7 ^  for the other 
components.

x° = —x„ for the space components and +x<T for the time component.

* This is Einstein’s expression (second paper, p. 158), modified because Einstein 
employs imaginary time. It applies to his special system of co-ordinates employed in 
our solution (15a, b), and must not be used for any other system.
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The radial component of the flow of energy per unit area per unit time 
(Poynting vector) is obtained by resolving (*4\  t£) along the radius.
Thus:—

...........-  ••>—1 + i!12 'k 3+</'-“*
dr dr d r’

so that by (16)

which in our problem simplifies to
_ (dyw dy22.0 7̂23̂ 723 , dyss dyw 0 8724 dj2i  0  8734 9y34 . 4 8744

\ dt dr dt dr dt drdr dr 2 dt dr J’
(17)

To obtain the total flow across an infinite sphere, we have to evaluate this 
expression to the order 1/r2; each separate factor is therefore only required 
to the order 1/r. Accordingly, (15a, b ) becomes 

722 =  Acosp(£ —r), 723 =  A sinp(£—r), 733 =  -—A cos

724 =  A ( — -  cos p( t —r)~-  sin2? r) ),

734

A

A ( — sin p ( t—r) + - cos V

2 y

r
y2—z2r2 cos V(t -  r) +  ~  sin p -  r) ),

where A =  ^ap2asJr, and can be treated as constant in differentiating. 
We find

3 2 =  (i< rp > a ? f\94  +  i  0 1 + ^ + r  + ̂ - % V cos2j, (, _ r)
-  ' / ~r /

—O  gin J. (18)

Taking the average values over the whole sphere, the periodic terms are 
found to vanish, and the total radiation, is at the steady rate

T o ( t^ 3ft3)2>
or, if 1 is the moment of inertia of the rod, the result is

f i y .  (19)
I find that Einstein’s general formula (loc. cit., equation (30)) applied to our 

problem gives the result -Â6-I2&>6. The discrepancy is due to a numerical slip 
in one or other investigation, and is not of much importance.*

* I think that the factor ^ was introduced by Einstein in order to eliminate the 
energy of the imaginary waves contained in the expression e'P*; and it should have 
been dropped in a formula where imaginary waves are not introduced.
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If C.G.S. units are used, we must multiply the expression (19) by 
2,7T0-60. For example, a rod of mass 1 kgrm., length 2 metres, making 
50 revolutions per second, is found to lose 3T0~35 of its energy of rotation in 
a year.

The radiation depends on the asymmetry of the source; a circular disc 
spinning in its own plane would not lose any energy. The formula (19) 
would evidently apply to other linear distributions, such as two balls 
connected by a string. We might be tempted to apply it to pairs of masses 
not connected by material tension, e.g., a hydrogen atom or a double star. 
For a hydrogen atom the rate of decay is much the same as for the rod, 
i.e., of the order 10“35 per year ; for a double-star system it is rather larger, 
about 10-20 per year. I t is rather curious that the difference between these 
two systems at the opposite extremes of magnitude-scale should not be 
greater. But both applications are probably illegitimate—the atom, because 
it is complicated by quantum conditions outside our analysis; the star, 
because the tension (being now a gravitational force) is limited to a small 
quantity of the first order, and the problem is thus carried out of range of 
our approximation. But it seems likely that the radiation (if any) will not 
exceed that given by (19).

There is clearly no practical objection to the existence of this small 
radiation from rotating systems, and I can see no theoretical reason for not 
admitting it.

According to (17) the momentum components gave an inflow of energy 
which neutralises a considerable part of the outflow due to other com
ponents. Also, by (18), the flow of energy is mainly along the axis of 
rotation of the rod, being eight times more intense along the axis than 
at right angles to it. But these results have no physical interpretation. 
The various components of the potential have no separable existence, and the 
Poynting vector is not a true vector. As Einstein has pointed out, the 
investigation of this paragraph gives the total loss of energy of the material 
system correctly, but the intermediate steps are merely analytical. The lost 
energy is not localisable anywhere.

We found that for plane waves the genuine waves arise from the stress- 
condition of the material source, and we expressed surprise that so incon
spicuous a feature of material distribution should be the occasion of them. 
Our study of divergent waves confirms this. Apparently, the only 
originating sources (as distinct from scattering sources) are typified by the 
spinning rod or by an oscillator {e.g., two masses connected by a spring). 
We cannot disturb the world by creating mass nor by transporting mass 
within the same source, since the laws of mass and momentum render these



processes undisturbable. The simplest interference we can make is to 
transport momentum, and that is the process represented by the stress- 
components.

Electromagnetic Gravitational IFaves.
8 . The three coefficients for plane TT waves may be grouped as follows:—

h 23, ^22 — h  33, 2 +  ^ 33-

The propagation of the first two has already been studied ; but according 
to (6 a) propagation of the third group is impossible.

We shall now show that waves of the third kind can exist in space which, 
although not empty in the strictest sense, is empty of all matter. They are 
in fact the ordinary light waves. I t is of interest to note that this electro
magnetic mode of propagation of gravitational influence fits into the only 
gap left unfilled in the previous discussion of plane gravitational waves.

Plane polarised electromagnetic waves travelling in the negative direction 
of x are represented by the electromagnetic potential.

K2 — A sin £>(£ + #) =  A sin 
which gives for the electromagnetic force

P21 =  ^  =  pA  cos p(t+ x) =  F21,

F24 =  ^-2 =  pA  cos — — F24.
OX 4

From which, Fa(3F“̂  =  0, and the energy-tensor E /  =  — F^F™+ £ y /F aj3FaP 
becomes

En =  Eu =  E44 =  cos2 +

the other components being zero. Corresponding to equations (5 ), we now 
have Gfu =  — 87rEn, etc., instead of Gn =  0 . Picking out the three equations 
to be modified, it will be seen that (6 a) is replaced by

I122" +  IW  = 1 6  Trpflk? cos2 p (t + x),
and the other conditions are unaltered. Thus the periodic part of h22 + lhs is 

2̂2 +  ̂ 33 =  — 27rA2 cos (20)

There is also an aperiodic part 4t-jrp2A2( indicating that the field is 
undergoing a cumulative change. This can only mean a secular change in 
the distribution of energy, etc., and, as is well known, waves of this kind do 
actually carry away energy from the source—not a small quantity of the 
second order negligible in our approximations as in the previous waves 
discussed, but a quantity of the first order.

Keturning to the periodic waves (2 0 ), we notice that the gravitation
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potentials give no indication of the plane of polarisation of the waves. A 
varying electromagnetic potential k3instead of would produce just the same
gravitational effect.

In order to determine k22 and h33 separately we have to find the non-electro- 
magnetic wave h22 —h33 emanating from the material source. The gravita
tional polarisation of light-waves thus depends on the disturbance of the 
uncharged material as well as on the electrical oscillations, and is quite 
unconnected with the electromagnetic polarisation.

When h22 + h33 is not zero there exists a true Poynting vector E41 repre
senting a flow of true energy of the same order of magnitude as h22" +hS3". 
We shall examine whether there is not in addition a Poynting pseudo-vector 
t j  of the second order of small quantities similar to that found in § 7 . 
Equation (16) is not now applicable, but the general expression is (Eddington, 
* Mathematical Theory of Relativity,’ equations (59'4) and (58'52)).

I 677V  =  —~ ( g â x/ —g)[—{ct, } <7 }]

When only h22and h33 occur, this reduces to

16^4’ =  g f ( 0 2V - P )  • {22, +  ̂  W = ? )  • {33, 1}

_  1

Accordingly the waves (h22 + li33) carry away gravitational energy j ust like 
the waves ( h22— li33). Light-waves by reason of their gravitational properties 
reduce the energy of their source by an amount slightly greater than is given 
by purely electromagnetic calculations. The ratio of this second order energy 
to the first order energy is usually very small indeed.


